A wheel-rail contact formulation for analyzing the train-structure nonlinear interaction that takes into account the wheel and rail geometry is proposed. Most of the existing methods treat the contact forces as external forces, whereas the present formulation uses a finite element to model the behavior in the contact interface, based on Hertz's theory and Kalker's laws. The equations of motion are complemented with constraint equations that relate the displacements of the vehicle and structure, being the complete system solved directly using an optimized algorithm. The formulation is validated with experimental data from a test performed on a rolling stock plant.
Introduction
In more recent years, as train operating speeds increase, the dynamic effects caused by trains passing over bridges, the running safety and riding comfort of the train have become important issues in railway engineering. The design of high-speed railway bridges may be governed by limit states of the train, such as the running safety, rather than by limit states of the bridge. Therefore, the development of software capable of accurately and efficiently assessing the vehicle-structure lateral interaction became essential for structural and mechanical engineers.
Taking into account the geometry of the wheel and rail surfaces in the analysis of the lateral effects is particularly important for an accurate evaluation of the vehicle-structure interaction.
Since this can significantly increase the computational cost, the algorithm used for analyzing the coupling of the two systems and the associated geometric contact problem is a key point of the methodology.
Several approaches to study the wheel-rail contact behavior can be found in the literature. A simple methodology consists of imposing the hunting motion of the wheelset as a harmonic prescribed displacement with amplitude and wavelength given by the Klingel formula [1] [2] . Wu et al [3] proposed a new contact element based on a condensation technique that is used to impose the constraint equations between the vehicle and structure in the vertical and lateral directions. However, the relative motion between the wheel and rail and the corresponding tangential forces, which are essential for adequately model the lateral dynamics, are neglected by these methods.
Linear approaches [4] can be derived from the assumption of a constant conicity of the wheel profile. However, for scenarios such as strong lateral winds or earthquakes, the impacts between the wheel flange and the rail strongly influence the dynamic behavior, making the aforementioned models restricted to the analysis of the vehicle-structure interaction under normal operating conditions. To overcome this limitation, the geometries of the wheel and rail profiles have to be taken into account and a fully nonlinear formulation has to be used. In wheel-rail contact problems, since the normal and tangential forces significantly depend on the geometric characteristics of the surfaces near the contact point, the accuracy used for defining these surfaces is crucial.
The location of the contact points can be calculated using two different approaches. In the first approach, called offline contact search [5] [6] [7] , an analysis of the geometry of the surfaces is previously performed, being the location of the contact points precalculated as a function of the relative lateral displacement between the vehicle and structure and stored in a lookup table to be later interpolated during the dynamic analysis. This approach is computationally attractive but does not account for the penetration between the wheel and rail, which may have a significant influence. This limitation is overcome in the second approach, called online contact search [8] [9] [10] [11] , in which a set of nonlinear equations is solved in each step of the dynamic analysis to determine the exact position of the contact point. The higher accuracy obtained with this approach outweighs the additional computational cost.
An extension of the formulation described in [12] [13] that takes into account the lateral dynamic effects between railway vehicles and structures is proposed in the present article. Most of the existing methods treat the contact forces in the normal and tangential directions as external forces, whereas the proposed formulation uses a finite element to model the behavior in the contact interface. This formulation is divided into three main parts: 1) the geometric problem consisting of the detection of the contact points; 2) the normal contact problem in which the forces are determined based on the Hertz nonlinear theory; 3) the tangential contact problem in which the creep forces, that appear due to the rolling friction contact, are calculated. The proposed method is based on the finite element method, which allows the analysis of structures and vehicles with any degree of complexity and the consideration of the deformations undergone by the two systems. The present formulation is implemented in MATLAB [14] . The vehicle and structure are modeled using ANSYS [15] , being their structural matrices imported by MATLAB.
An experimental test performed in the rolling stock test plant of the Railway Technical
Research Institute (RTRI) in Japan is used to validate the present method. This test consists of a railway vehicle mounted over four wheel-shaped rails that can be controlled independently in order to simulate different types of rail deviations. The results obtained with the proposed formulation are compared with the experimental results, and also with the results obtained using the software DIASTARS developed by Tanabe et al. [7] .
2 Wheel-rail contact elements
Enhanced contact element
In the majority of the currently available methods for analyzing the vehicle-structure interaction, the normal and tangential contact forces are treated as external forces. However, it is generally more efficient to use a finite element formulation based on the contact laws for the normal and tangential directions. A node-to-segment contact element that takes into account the behavior in the contact interface is proposed in the present article (see Fig. 1 ). Figure 1 shows the forces X acting at the contact interface and the displacements of the contact point v, which are defined in the local coordinate system of the target element ( )
The superscripts ce and te indicate contact and target element, respectively. The t x axis has the direction of the longitudinal axis of the target element, the t y axis is parallel to the track plane and the t z axis completes the right-handed system. The node C 1 is a nodal point of the vehicle and the pilot point of the rigid surface of the wheel. The point C 5 is an auxiliary internal point of a target element of the structure and the pilot point of the rigid surface of the rail. The motions of the rigid surfaces of the wheel and rail are governed by the degrees of freedom of the corresponding pilot node. The auxiliary points C 2 and C 4 belong to the rigid surfaces of the wheel and rail, respectively. When contact occurs, the proposed enhanced node-to-segment contact element adds the internal node C 3 and the finite element connecting the point C 2 and the node C 3 in order to take into account the contact behavior in the normal and tangential directions.
When contact occurs, the node C 3 and the auxiliary point C 4 are coincident. The constraint equations that relate the displacements of these nodes are imposed using the direct method [13] , which is extended to deal with three-dimensional contact problems. Since in the proposed contact element there are no moments transmitted across the contact interface, the constraint equations only relate the translational displacements in the three directions. This approach is acceptable, since the creep spin moments as well as the moments caused by the lateral slip are small in comparison with other moments acting on the system [16] . The relative motions between the wheel and rail are accounted by the finite element connecting the point C 2 and the node C 3 . The irregularities present at the contact interface can be considered in the constraint equations for the vertical and lateral directions.
Since the auxiliary points C 4 and C 5 do not belong to the mesh of the structure, the constraint equations that relate the displacements of the auxiliary point C 4 and the node C 3 , and the forces applied at the point C 4 have to be transformed in order to be associated with the degrees of freedom of the nodes of the target element. A similar transformation has to be applied to the finite element connecting the point C 2 and the node C 3 in order to be associated with the degrees of freedom of the node C 1 .
Contact behavior in the normal and tangential directions
The stiffness and damping matrices of the contact element depicted in Fig. 1 are first calculated in the contact point coordinate system ( )
illustrated in Fig. 2 and then transformed to the global coordinate system. This local coordinate system follows the motion of the contact point, being its origin attached to the center of the contact area. The c z axis is oriented along the direction normal to the contact plane, the c x axis points towards the longitudinal direction of motion and the c y axis completes the right-handed system.
The normal forces are defined along the c z axis, and the longitudinal and lateral tangential forces are defined along the c x and c y axes, respectively. The yaw and contact angles are denoted by w ψ and γ , respectively.
The transformation matrix gc T from the global coordinate system to the contact point T represents the standard transformation from the global coordinate system to the local coordinate system of the target element [17] .
The analysis of the behavior in the contact interface is divided into two main problems: 1) the normal contact problem, which results from the compression between the wheel and rail; 2) the tangential contact problem, which is a consequence of the local elasticity of the contacting surfaces, and of the rolling friction phenomenon that characterizes the contact between two bodies that roll over each other. Assuming that the bodies in contact have the same material properties, the normal and tangential problems can be solved separately.
When two non-conforming bodies are loaded they will deform in the vicinity of the point of first contact, touching over an area. The normal contact problem is analyzed based on the nonlinear Hertz contact theory [18] . This theory can only deal with non-conformal contact where the contact area is small when compared with the dimensions of the two bodies and with the relative radii of curvature of the surfaces. However, this assumption is acceptable in railway applications, since the wheel and rail have considerably different shapes. In the present article an elliptical contact area is assumed. The normal contact force n F between the wheel and rail is given by
where d is the penetration and h K is a generalized stiffness coefficient that depends on the material properties of the bodies in contact, such as the Young modulus and the Poisson ratio, and on the curvatures of the surfaces at the contact point [19] [20] . Since the Hertz law is given by a closed-form expression, the tangent stiffness matrix K can be updated at each iteration in order to take advantage of the full Newton-Raphson method [21] .
If two bodies that are compressed against each other are allowed to roll over each other, some points on the contact area may slip while others may adhere. The difference between the tangential strains of the bodies in the adhesion area leads to a small apparent slip, called creep.
The creep, which depends on the relative velocities of the two bodies at the contact point, is crucial for the determination of the tangential forces that develop in the contact area, called creep forces. These forces can be calculated through three dimensionless parameters, called creepages, defined with respect to the contact point coordinate system (see In the present work, the longitudinal creep force ξ F and the lateral creep force η F are precalculated and stored in a lookup table, based on USETAB [22] , to be later interpolated during the dynamic analysis as a function of the creepages and the semi-axes ratio of the contact ellipse.
As mentioned in Section 2.1, the creep moments are neglected in the present work. This table has been calculated with the software CONTACT [23] which is based on Kalker's exact three-dimensional rolling contact theory [24] . The lookup table uses an effective layout, exploiting all possible symmetries between the contact forces and creepages [25] . The values of the table are normalized and calculated according to the procedure described in [22] .
For constructing the table, the normalized creepages and semi-axes ratios have been discretized in two intervals as in the original USETAB, namely
, where x is the input of the table. A linear and a logarithmic distribution of ten values were used for the discretization of the first and second intervals, respectively. Adopting a 40 40× element discretization of the contact ellipse, and by considering all possible combinations of the creepages and semi-axes ratios, a total of 000 320 calculations have been performed using the software CONTACT.
Since the contact law based on the exact theory of rolling contact proposed by Kalker cannot be expressed with a closed-form expression, calculating the numerical derivatives with respect to the nodal velocities can be computationally expensive. Therefore, the initial tangent damping matrix C is calculated based on the Kalker's linear theory [25] and is kept constant throughout the analysis.
The nodal forces c R corresponding to the internal element stresses, the tangent stiffness matrix c K and the tangent damping matrix c C are transformed from the local point coordinate system to the global coordinate system, according to
where gc T is the transformation matrix defined by Eq. (1). The superscript c indicates that the quantity is defined with respect to the contact point coordinate system.
Parameterization of the rail and wheel profiles
The location of the contact points, which depends on the correct representation of the wheel and rail surfaces, is a key point to obtain an accurate solution of the contact problem. In the present formulation, the profile surfaces are parameterized as a function of surface parameters using piecewise cubic interpolation. The parameterization of each surface is performed using cubic splines, defined from a set of control points that are representative of the profile geometry.
In situations where the yaw rotation plays an important role, such as curve negotiations or railway turnouts, the wheel may contact the rail in two points located at different diametric sections, namely at the tread and the flange. In these circumstances, the flange contact point can be located ahead or behind the tread contact point, giving origin to lead or lag contact configurations, respectively [9] . Since only straight track scenarios are analyzed, this type of analysis is beyond the scope of the present work, restricting the contact point search to only one plane. Therefore, the geometrical parameterization is formulated in terms of two surface parameters r s and w s that define the lateral location of the contact point in the rail and wheel, respectively, with respect to their local coordinate systems.
Coordinate systems of the rail and wheel profiles
The rail profile coordinate system ( )
is fixed with the rail and has its origin at the point where the wheel contacts the rail when the wheelset is centered with the track. The r y and r z axes belong to the rail cross section plane, being the former oriented along the tangent to the surface at the contact point. The transformation from the target element coordinate system to the rail profile coordinate system is given by
where r φ is the roll rotation of the rail about the target element longitudinal axis t
x .
The wheel profile coordinate system ( )
has the same origin of the rail profile coordinate system, being the orientation defined by the roll rotation of the wheel about the t x axis. Since the contact point search is restricted to only one plane, the yaw angle contribution is neglected in the geometrical problem [5, [7] [8] . Thus, the transformation from the target element coordinate system to the wheel profile coordinate system can be written as
where w φ is the roll rotation of the wheel about the target element longitudinal axis t x .
Parameterization of the rail profile
The two-dimensional surface geometry of the rail is described in terms of the surface parameter r s , as depicted in Fig. 3 . (14) in which ( ) r r s f is the function defining the rail surface.
In the implemented wheel-rail contact formulation, the normal and tangent vectors to the rail surface at the contact point are necessary to calculate its location. The tangent vector to the rail surface at the contact point along the lateral direction t y r , t defined with respect to the target element coordinate system is given by
where the tangent vector r y r , t , defined with respect to the rail profile coordinate system, is obtained by differentiating the rail surface function with respect to the surface parameter, i.e.,
Since the location of the contact point is determined through a planar geometric analysis, the tangent vector along the longitudinal direction t x r, t has the same direction as the t x axis. The normal vector to the rail surface t r n at the contact point defined with respect to the target element coordinate system is given by
with t r n pointing outwards the surface.
Finally, the contact angle γ , defined between the lateral tangent vector and the track plane, is given by
Note that the roll rotation r φ is the angle between the rail profile coordinate system and the target element coordinate system.
Parameterization of the wheel profile
The method proposed in the present paper allows the detection of two contact points between the wheel and rail. To this end, the wheel is parameterized by two functions, one for the tread and another for the flange, making the location of the contact points in each region of the wheel fully independent. Figure 4 shows the parameterization of the wheel profile in terms of a single surface parameter w s to clarify the illustration. However, each of the aforementioned functions that define the wheel surface is defined by an independent surface parameter. the target element coordinate system, is given by
u is the position vector of the origin of the wheel profile coordinate system, defined with respect to the target element coordinate system, and w W u is the position vector of the arbitrary point of the wheel surface defined in the wheel profile coordinate system, written as
where ( ) 
Geometric contact problem
To determine the location of the potential contact points between the wheel and rail, the following set of nonlinear equations is used.
and t r n are defined in Section 3 and t wr d is the vector that defines the relative position of the point of the wheel with respect to the point of the rail, given by
where t W u and t R u are given by Eqs. (19) and (13) . The first condition described by Eq. (21) ensures that the tangent vector to the rail is perpendicular to the vector defining the relative position of the point of the wheel with respect to the point of the rail. The second condition ensures that the normal vector to the rail is perpendicular to the tangent vector to the wheel, as depicted in Fig. 5 . It is important to notice that the system of equations (21) may have multiple solutions if one of the contact surfaces is not convex. Therefore, the concave region in the transition zone between the tread and flange is neglected, and an approximation to the surface is adopted [9] .
In the present formulation, an internal function of MATLAB is used to solve the nonlinear algebraic equations (21) . This function uses an iterative scheme based on the Newton method together with a trust-region technique to improve the robustness of the algorithm and handle situations where the Jacobian matrix of the algebraic equations is singular [14] .
The potential contact points determined with the procedure described above have to fulfill a last condition, that is, the parametric surfaces have to intersect each other. As shown in Fig. 5b , the conditions described in Eq. (21) are satisfied but there is no contact. This condition can be expressed mathematically as 0 ≤ ⋅ t r t wr n d (23) which means that the intersection between two bodies is guaranteed only if the vectors t wr d and t r n point in opposite directions, as shown in Fig. 5a . The penetration d between the two bodies in contact is given by higher convergence rate is achieved due to a more accurate initial estimate. The procedure for implementing the contact lookup table is described in Appendix B.
Formulation of the vehicle-structure interaction problem
Neves et al. [13] developed an accurate and efficient algorithm, referred to as the direct method, in which the governing equilibrium equations of the vehicle and structure are complemented with additional constraint equations that relate the displacements of the contact nodes of the vehicle with the corresponding nodal displacements of the structure. These equations form a single system, with displacements and contact forces as unknowns, that is solved directly using an optimized block factorization algorithm.
Governing equations of motion
Considering the α method [26] , the equations of motion of the vehicle-structure system can be written as 
where P corresponds to the externally applied nodal loads whose values are known, S are the support reactions and X are the forces acting at the contact interface shown in Fig. 1 . Each matrix D relates the contact forces, defined with respect to the target element coordinate system, with the nodal forces defined in the global coordinate system.
According to Newton's third law, the forces acting at the contact interface must be of equal magnitude and opposite direction (see Fig. 1 ), i.e., 0 X X = + te ce (28) Substituting Eq. (28) into Eqs. (26) and (27) 
Since the present problem has a nonlinear nature, Eq. (35) is rewritten in the form
where F ψ is the residual force vector, given by
The nodal velocities and accelerations depend on the nodal displacements and for this reason are not independent unknowns. According to the α method, the following approximations for the acceleration and velocity at the current time step can be obtained [13] .
where β and γ are parameters that control the stability and accuracy of the method.
An iterative scheme based on the Newton method [21] is used to solve Eq. (37). Assuming that the solution at the ith Newton iteration has been evaluated and neglecting second and higher order terms, the Taylor series for F ψ about ( )
is given by
, , 
Transforming Eq. (42) into an incremental form leads to
where FF K is the current effective stiffness matrix defined by
In matrix notation, Eq. (43) can be expressed as
After evaluating the solution at iteration i+1, the residual force vector is calculated using Eq. (38). The iteration scheme continues until the condition
is fulfilled, where ε is a specified tolerance.
Contact constraint equations
When contact occurs, the additional internal node of the contact element and the auxiliary point belonging to the rigid surface of the target element are coupled in the three directions (see Section 2.1). Thus, the following constraint equations must be imposed:
where r are the irregularities between the contact and target elements in the vertical and lateral directions. The displacements of the additional internal nodes (see Fig. 1 
Complete system of equations
The incremental formulation of the governing equations of motion of the vehicle-structure system is applicable to either linear or nonlinear analyses. These equations and the contact constraints form a complete system whose unknowns are incremental nodal displacements and incremental contact forces. Equations (48) 
Algorithm for solving the vehicle-structure interaction problem
The proposed vehicle-structure interaction method has been implemented in MATLAB, being the vehicles and structures modeled with ANSYS. All the data regarding these models, such as the structural matrices, the definition of the target elements, the contact nodes of the vehicle and the support conditions are exported by ANSYS in batch mode and subsequently imported by MATLAB. The remaining data, namely the irregularities between the wheel and rail, the external applied loads, the contact lookup table and the control points defining the rail and wheel profile surfaces are stored in an external database and imported directly by MATLAB.
After all the data is imported and processed, an initial static analysis is performed in order to obtain the initial conditions of the dynamic problem. The flowchart depicted in Fig. 6 illustrates all the aspects regarding the dynamic analysis of the vehicle-structure interaction. 
Application case
High-speed railway lines require a more rigorous maintenance when compared with conventional lines. Since the displacements of the structures may contribute to significant track deviations, and subsequently influence the riding comfort or the running safety of the train, deflection limits should be imposed during the design of railway structures. Such precautions are particularly important in countries prone to earthquakes, where large lateral displacements may occur during a seismic event. Japan, with one of the largest railway networks in the world, is one of those countries. Thus, the Committee on Displacement Limit of Structures Associated with the Runnability of Railway Vehicles, consisting of engineers and academics specialized in the design of railway structures and in the study of vehicle dynamics, proposed a displacement limit standard for railway structures based on numerical and experimental results [27] . One of the experimental tests, conducted in the rolling stock test plant in RTRI, consists in the analysis of a railway vehicle mounted over four wheel-shaped rails controlled by independent actuators that can simulate different types of rail deviations (see Fig. 7) . A detailed discussion about the experimental test can be found in [28] . In the present application, the test mentioned above is simulated using the proposed method and the software DIASTARS developed by Tanabe et al. [31] , being the results obtained compared with the experimental data.
The test vehicle consists on a narrow gauge prototype car specially developed for the experimental test. A schematic representation of the dynamic model of the test vehicle is illustrated in Fig. 8 . The carbody, bogies and wheelsets are modeled using beam finite elements, and the suspensions are modeled using spring-dampers in the three directions, as depicted in Fig. 9 . The masses and rotary inertias are modeled using mass point elements, located at the center of mass of each component. The structure shown in Fig. 11 is modeled with rigid finite elements, being the track deviation included as an irregularity in the lateral direction. These deviations can occur due to the deflection of the bridge during a seismic event, thus causing high levels of vibrations in the train that can jeopardize the running safety. The deflection types considered in the present application are divided into two: a bending shape (BS), associated with the bending of two consecutive spans, and a translation shape (TS), in which only one span rotates while the other is subjected to a translation (see Fig. 11 ). In the present application, span lengths L of 20 m and 40 m are considered. Transition sections have been included at both ends of each span due to the continuity of rotations of the rail (see Fig. 11c ). The half length of the total transition zone is denoted by t L , the span rotation by t θ and the distance from the start of the transition zone by t
x . This procedure avoids numerical problems associated with unrealistic impacts that may occur if the transitions are abrupt. Hence, according to [28, 30] , the track deviation t y in the transition zone is given by where p k is the pad stiffness, E the Young modulus of the steel and r I the moment of inertia of the rail. The parameters used for defining the transition zones are summarized in Table 1 . The rail profile used in the numerical analysis is the JIS60 profile, while the wheel is a conic and arc profile wheel with diameter of 860 mm [32] same as that used in the Shinkansen trains (see Fig. 12 ). Since the geometric problem may have multiple solutions if one of the contact surfaces is concave, an approximation to the transition zone between the tread and flange is adopted. The comparison between the lateral accelerations measured in the carbody above the rear bogie and the results obtained with the proposed method and DIASTARS is depicted in Fig. 13 .
A good agreement can be observed between the measured data and the numerical results. The differences observed may be justified by the fact that the numerical model of the vehicle does not consider the flexibility of some components, especially the carbody, where the accelerations were measured. The lack of additional experimental data to calibrate the vehicle model may also contribute to these differences. When comparing the numerical results obtained with the proposed method and with DIASTARS an excellent agreement can be observed. The slight differences may be due to the fact that the two numerical formulations are based on different wheel-rail contact models. The DIASTARS uses an offline contact search algorithm and a creep model based on Kalker's linear theory with a saturation limit for high creepages, whereas the proposed method uses an online contact search formulation and the USETAB tables to compute the creep forces. Finally, the contact forces in the wheels of the first wheelset for the BS and TS tests are plotted in Figs. 16 and 17 , respectively. In the BS test, three flange impacts can be observed when the contact force suddenly increases: one in the left wheel, approximately at 1.1 s, and two in the right wheel, at 0.8 s and 1.4 s. The functions defining the BS and TS deflection models are the same for the first span (see Fig. 11 ). Therefore, the higher contact forces obtained in the BS Proposed method DIASTARS test, when the wheelset enters the first span, are due the fact that span deviation is more abrupt in the BS test, .i.e., the maximum deflection amplitude is the same in both tests but the span lengths are different. Again the results obtained with both numerical methods show an excellent agreement. 
Conclusions
A wheel-rail contact formulation for analyzing the nonlinear dynamic interaction between vehicles and structures is proposed in this article. This method takes into account the geometry of the wheel and rail surfaces in order to accurately evaluate the lateral interaction.
An enhanced node-to-segment contact element is used for modeling the behavior in the contact interface in the normal and tangential directions. This approach is generally more efficient than treating the normal and tangential contact forces as external forces. The constraint equations that relate the displacements of the vehicle and structure are imposed using a direct method. In contrast with other contact formulations such as the penalty method, the proposed formulation does not require additional penalty parameters and is less likely to lead to ill-conditioned systems.
The proposed formulation is validated using the results obtained in an experimental test performed in the rolling stock test plant of the Railway Technical Research Institute in Japan.
This test consists of a full scale railway vehicle running over four wheel-shaped rails controlled by actuators that impose rail deviations in the lateral direction. The lateral accelerations inside the carbody have been measured and compared with those obtained with the proposed method and with DIASTARS. The results show a good agreement, especially when the two numerical methods are compared. Regarding the experimental results, the discrepancies observed may be caused by the fact that vehicle is modeled using rigid bars and thus important deformations were not considered.
An application of the proposed method regarding the evaluation of a real running safety scenario of a train crossing a bridge subjected to earthquakes will be presented in a forthcoming publication.
Since the submatrix YY K presented in Eq. (62) may be indefinite and therefore may not have a stable factorization without pivoting, the lines and columns of the system matrix corresponding to the incremental displacements Y a ∆ and contact forces X ∆ have to be grouped together. Hence the block factorization of the system of equations (62) is presented below using the following notation. where L and U are lower and upper triangular matrices, respectively. For simplicity, the permutation matrices associated with the factorization of 33 A are not represented. The block factorization solver is divided into three stages, which are described below.
By equating part of the corresponding blocks in Eq. (A.2) the following relations are obtained The first stage consists of factorizing 11
A , which is assumed to be symmetric positive definite and therefore admits a Cholesky factorization [33] , and calculating 21 L by forward substitution.
Since 11
A and T 
